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Abstract

We consider the problem of learning a low dimensional representation for compo-
sitional data. Compositional data consists of a collection of nonnegative data that
sum to a constant value. Since the parts of the collection are statistically dependent,
many standard tools cannot be directly applied. Instead, compositional data must
be first transformed before analysis. Focusing on principal component analysis
(PCA), we propose an approach that allows low dimensional representation learn-
ing directly from the original data. Our approach combines the benefits of the
log-ratio transformation from compositional data analysis and exponential family
PCA. A key tool in its derivation is a generalization of the scaled Bregman theorem,
that relates the perspective transform of a Bregman divergence to the Bregman
divergence of a perspective transform and a remainder conformal divergence. Our
proposed approach includes a convenient surrogate (upper bound) loss of the ex-
ponential family PCA which has an easy to optimize form. We also derive the
corresponding form for nonlinear autoencoders. Experiments on simulated data
and microbiome data show the promise of our method.

1 Introduction

Compositional data analysis (CoDA) is a subfield of statistics introduced more than three decades ago
[3, 2, 1, 29]. Compositional data consist of a collection of nonnegative measurements that sum to a
constant value, typically, proportions that sum to 1. Because knowing the sum, one component can be
determined from the sum of the remainder, the parts that make up the composition are mathematically
and statistically dependent. This distinct structure complicates analysis and does not allow standard
statistical analyses. Ignoring the underlying nature of the data studied might give rise to misleading
conclusions.

Among others, [1] and [13] provided a framework to perform CoDA by mapping data from the
constrained simplex space to the Euclidian space using nonlinear log-ratio transforms. In this paper,
we focus on Principal Components Analysis (PCA), one of the main tools for exploratory analysis of
compositional data. Just like in standard Euclidean data, it is particularly useful when the first few
principal components explain enough variability to be considered as representative. Unfortunately,
any operation of centering or scaling destroys the compositional nature of the data, which complicates
a direct application of PCA.

Our motivation for studying CoDA comes from the recent explosion of microbiome studies [14, 15].
Indeed, spectacular advances in 16S rRNA gene sequencing of the bacterial component of the human
microbial community (microbiota) have enabled researchers to investigate human health and disease,
leading to new insights into the role of these microbial communities. The microbiota sequencing data
are measured as read counts interpreted as a species’ abundance in a microbial community. To make
the microbial abundance comparable across samples, data are normalized to the relative abundances

∗Authors in alphabetical order

32nd Conference on Neural Information Processing Systems (NeurIPS 2018), Montréal, Canada.



−0.4540 0.4583#comp1
−0.4320

0.4471

#
co

m
p

2
123456789101112131415161718192021222324252627282930313233343536373839404142434445464748495051525354555657585960616263646566676869707172737475767778798081828384858687888990919293949596979899100101102103104105106107108109110111112113114115116117118119120121122123124125126127128129130131132133134135136137138139140141142143144145146147148149150151152153154155156157158159160161162163164165166167168169170171172173174175176177178179180181182183184185186187188189190191192193194195196197198199200

201202203204205206207208209210211212213214215216217218219220221222223224

301302303304305306307308309310311312313314315316317318319320321322323324325326327328329330331332333334335

401402403404405406407408409410411412413414415416417418419420421422423424425426427
501502503504505506507508509510511512513514515516517518519520521522523524525526527528529530531532533534535536537538

601602603604605606607608609610611612613614615616617618619620621622623624

701702703704705706707708709710711712713714715716717718719720721722723724725726727728729730731732733734735736737738739740741742743744745746747748749750751752753

801802803804805806807808809810811812813814815816817818819820821822823824825826827828829830831832833834835836837838839840841842843844845846847848849850851852853854855856857858859860861862863864865866867868869870871872873874875876877878879880881882883884885886887888889890891892893894895896897898899900

901902903904905906907908909910911912913914915916917918919920921922923924925926927928929930931932933934935936937938939940941942943944945946947948949950951952953954955956957

1001100210031004100510061007100810091010101110121013101410151016101710181019102010211022102310241025102610271028102910301031103210331034103510361037103810391040
11011102110311041105110611071108110911101111111211131114111511161117111811191120112111221123112411251126112711281129113011311132113311341135113611371138113911401141114211431144114511461147114811491150115111521153115411551156115711581159116011611162116311641165

12011202120312041205120612071208120912101211121212131214121512161217121812191220122112221223

13011302130313041305130613071308130913101311131213131314131513161317131813191320132113221323132413251326132713281329133013311332133313341335133613371338133913401341

14011402140314041405140614071408140914101411141214131414141514161417141814191420142114221423142414251426142714281429143014311432143314341435143614371438143914401441144214431444

150115021503150415051506150715081509151015111512151315141515151615171518151915201521152215231524152515261527152815291530153115321533

1601160216031604160516061607160816091610161116121613161416151616161716181619162016211622162316241625162616271628162916301631163216331634163516361637163816391640164116421643164416451646164716481649165016511652165316541655165616571658165916601661166216631664166516661667166816691670167116721673167416751676167716781679168016811682168316841685168616871688168916901691169216931694169516961697169816991700

170117021703170417051706170717081709171017111712171317141715171617171718171917201721172217231724172517261727172817291730173117321733

18011802180318041805180618071808180918101811181218131814181518161817181818191820182118221823182418251826182718281829183018311832183318341835183618371838183918401841184218431844184518461847184818491850185118521853185418551856185718581859186018611862186318641865186618671868186918701871187218731874187518761877187818791880188118821883

19011902190319041905190619071908190919101911191219131914191519161917191819191920192119221923

PCA

−4.753 3.976#comp1
−4.93

6.08

#
co

m
p

2

123456789101112131415161718192021222324252627282930313233343536373839404142434445464748495051525354555657585960616263646566676869707172737475767778798081828384858687888990919293949596979899100101102103104105106107108109110111112113114115116117118119120121122123124125126127128129130131132133134135136137138139140141142143144145146147148149150151152153154155156157158159160161162163164165166167168169170171172173174175176177178179180181182183184185186187188189190191192193194195196197198199
200

201202203204205206207208209210211212213214215216217218219220221222223224225226227228229230231232233234235236237238239240241242243244245246247248249250251252253254255256257258259260261262263264265266267268269270271272273274275276277278279280281282283284285286287288289290291292293294295296297298299300301302303304305306307308309310311312313314315316317318319320321322323324325326327328329330331332333334335336337338339340341342343344345346347348349350351352353354355356357358359360361362363364365366367368369370371372373374375376377378379380381382383384385386387388389390391392393394395396397398399
400

401402403404405406407408409410411412413414415416417418419420421422423424425426427428429430431432433434435436437438439440441442443444445446447448449450451452453454455456457458459460461462463464465466467468469470471472473474475476477478479480481482483484485486487488489490491492493494495496497498499
500

501502503504505506507508509510511512513514515516517518519520521522523524525526527528529530531532533534535536537538539540541542543544545546547548549550551552553554555556557558559560561562563564565566567568569570571572573574575576577578579580581582583584585586587588589590591592593594595596597598599600

601602603604605606607608609610611612613614615616617618619620621622623624625626627628629630631632633634635636637638639640641642643644645646647648649650651652653654655656657658659660661662663664665666667668669670671672673674675676677678679680681682683684685686687688689690691692693694695696697698699

700

701702703704705706707708709710711712713714715716717718719720721722723724725726727728729730731732733734735736737738739740741742743744745746747748749750751752753754755756757758759760761762763764765766767768769770771772773774775776777778779780781782783784785786787788789790791792793794795796797798
799

800

801802803804805806807808809810811812813814815816817818819820821822823824825826827828829830831832833834835836837838839840841842843844845846847848849850851852853854855856857858859860861862863864865866867868869870871872873874875876877878879880881882883884885886887888889890891892893894895896897898899
900

9019029039049059069079089099109119129139149159169179189199209219229239249259269279289299309319329339349359369379389399409419429439449459469479489499509519529539549559569579589599609619629639649659669679689699709719729739749759769779789799809819829839849859869879889899909919929939949959969979989991000

100110021003100410051006100710081009101010111012101310141015101610171018101910201021102210231024102510261027102810291030103110321033103410351036103710381039104010411042104310441045104610471048104910501051105210531054105510561057105810591060106110621063106410651066106710681069107010711072107310741075107610771078107910801081108210831084108510861087108810891090109110921093109410951096109710981099
1100

110111021103110411051106110711081109111011111112111311141115111611171118111911201121112211231124112511261127112811291130113111321133113411351136113711381139114011411142114311441145114611471148114911501151115211531154115511561157115811591160116111621163116411651166116711681169117011711172117311741175117611771178117911801181118211831184118511861187118811891190119111921193119411951196119711981199
1200

12011202120312041205120612071208120912101211121212131214121512161217121812191220122112221223122412251226122712281229123012311232123312341235123612371238123912401241124212431244124512461247124812491250125112521253125412551256125712581259126012611262126312641265126612671268126912701271127212731274127512761277127812791280128112821283128412851286128712881289129012911292129312941295129612971298
1299

1300

130113021303130413051306130713081309131013111312131313141315131613171318131913201321132213231324132513261327132813291330133113321333133413351336133713381339134013411342134313441345134613471348134913501351135213531354135513561357135813591360136113621363136413651366136713681369137013711372137313741375137613771378137913801381138213831384138513861387138813891390139113921393139413951396139713981399
1400

140114021403140414051406140714081409141014111412141314141415141614171418141914201421142214231424142514261427142814291430143114321433143414351436143714381439144014411442144314441445144614471448144914501451145214531454145514561457145814591460146114621463146414651466146714681469147014711472147314741475147614771478147914801481148214831484148514861487148814891490149114921493149414951496
1497

1498
1499

1500

1501150215031504150515061507150815091510151115121513151415151516151715181519152015211522152315241525152615271528152915301531153215331534153515361537153815391540154115421543154415451546154715481549155015511552155315541555155615571558155915601561156215631564156515661567156815691570157115721573157415751576157715781579158015811582158315841585158615871588158915901591159215931594159515961597159815991600
16011602160316041605160616071608160916101611161216131614161516161617161816191620162116221623162416251626162716281629163016311632163316341635163616371638163916401641164216431644164516461647164816491650165116521653165416551656165716581659166016611662166316641665166616671668166916701671167216731674167516761677167816791680168116821683168416851686168716881689169016911692169316941695169616971698

1699

1700

1701170217031704170517061707170817091710171117121713171417151716171717181719172017211722172317241725172617271728172917301731173217331734173517361737173817391740174117421743174417451746174717481749175017511752175317541755175617571758175917601761176217631764176517661767176817691770177117721773177417751776177717781779178017811782178317841785178617871788178917901791179217931794179517961797179817991800 180118021803180418051806180718081809181018111812181318141815181618171818181918201821182218231824182518261827182818291830183118321833183418351836183718381839184018411842184318441845184618471848184918501851185218531854185518561857185818591860186118621863186418651866186718681869187018711872187318741875187618771878187918801881188218831884188518861887188818891890189118921893189418951896189718981899

1900

19011902190319041905190619071908190919101911191219131914191519161917191819191920192119221923192419251926192719281929193019311932193319341935193619371938193919401941194219431944194519461947194819491950195119521953195419551956195719581959196019611962196319641965196619671968196919701971197219731974197519761977197819791980198119821983198419851986198719881989199019911992199319941995
1996
1997
1998

1999

2000

clr-PCA

−26.2 27.3#comp1
−27.19

25.59

#
co

m
p

2

123456789101112131415161718192021222324252627282930313233343536373839404142434445464748495051525354555657585960616263646566676869707172737475767778798081828384858687888990919293949596
97

98

99

100

101102103104105106107108109110111112113114115116117118119120121122123124125126127128129130131132133134135136137138139140141142143144145146147148149150151152153154155156157158159160161162163164165166167168169170171172173174175176177178179180181182183184185186187188189190191192193194195196197198199 200201202203204205206207208209210211212213214215216217218219220221222223224225226227228229230231232233234235236237238239240241242243244245246247248249250251252253254255256257258259260261262263264265266267268269270271272273274275276277278279280281282283284285286287288289290291292293294295296297
298

299

300

301302303304305306307308309310311312313314315316317318319320321322323324325326327328329330331332333334335336337338339340341342343344345346347348349350351352353354355356357358359360361362363364365366367368369370371372373374375376377378379380381382383384385386387388389390391392393394395396397398
399

400

401402403404405406407408409410411412413414415416417418419420421422423424425426427428429430431432433434435436437438439440441442443444445446447448449450451452453454455456457458459460461462463464465466467468469470471472473474475476477478479480481482483484485486487488489490491492493494495496497
498

499

500

501502503504505506507508509510511512513514515516517518519520521522523524525526527528529530531532533534535536537538539540541542543544545546547548549550551552553554555556557558559560561562563564565566567568569570571572573574575576577578579580581582583584585586587588589590591592593594595
596

597
598

599

600

601602603604605606607608609610611612613614615616617618619620621622623624625626627628629630631632633634635636637638639640641642643644645646647648649650651652653654655656657658659660661662663664665666667668669670671672673674675676677678679680681682683684685686687688689690691692693694695696697698699
700

701702703704705706707708709710711712713714715716717718719720721722723724725726727728729730731732733734735736737738739740741742743744745746747748749750751752753754755756757758759760761762763764765766767768769770771772773774775776777778779780781782783784785786787788789790791792793794795
796
797
798

799

800

801802803804805806807808809810811812813814815816817818819820821822823824825826827828829830831832833834835836837838839840841842843844845846847848849850851852853854855856857858859860861862863864865866867868869870871872873874875876877878879880881882883884885886887888889890891892893894895896897898
899

900

901902903904905906907908909910911912913914915916917918919920921922923924925926927928929930931932933934935936937938939940941942943944945946947948949950951952953954955956957958959960961962963964965966967968969970971972973974975976977978979980981982983984985986987988989990991992993994995
996
997
998

999

1000

1001100210031004100510061007100810091010101110121013101410151016101710181019102010211022102310241025102610271028102910301031103210331034103510361037103810391040104110421043104410451046104710481049105010511052105310541055105610571058105910601061106210631064106510661067106810691070107110721073107410751076107710781079108010811082108310841085108610871088108910901091109210931094109510961097
1098

1099

1100

11011102110311041105110611071108110911101111111211131114111511161117111811191120112111221123112411251126112711281129113011311132113311341135113611371138113911401141114211431144114511461147114811491150115111521153115411551156115711581159116011611162116311641165116611671168116911701171117211731174117511761177117811791180118111821183118411851186118711881189119011911192119311941195
1196
1197
1198

1199

1200

12011202120312041205120612071208120912101211121212131214121512161217121812191220122112221223122412251226122712281229123012311232123312341235123612371238123912401241124212431244124512461247124812491250125112521253125412551256125712581259126012611262126312641265126612671268126912701271127212731274127512761277127812791280128112821283128412851286128712881289129012911292129312941295
1296
1297
1298

1299

1300

1301130213031304130513061307130813091310131113121313131413151316131713181319132013211322132313241325132613271328132913301331133213331334133513361337133813391340134113421343134413451346134713481349135013511352135313541355135613571358135913601361136213631364136513661367136813691370137113721373137413751376137713781379138013811382138313841385138613871388138913901391139213931394139513961397
1398

1399

1400

1401140214031404140514061407140814091410141114121413141414151416141714181419142014211422142314241425142614271428142914301431143214331434143514361437143814391440144114421443144414451446144714481449145014511452145314541455145614571458145914601461146214631464146514661467146814691470147114721473147414751476147714781479148014811482148314841485148614871488148914901491149214931494149514961497149814991500

150115021503150415051506150715081509151015111512151315141515151615171518151915201521152215231524152515261527152815291530153115321533153415351536153715381539154015411542154315441545154615471548154915501551155215531554155515561557155815591560156115621563156415651566156715681569157015711572157315741575157615771578157915801581158215831584158515861587158815891590159115921593159415951596
1597
1598

1599

1600

16011602160316041605160616071608160916101611161216131614161516161617161816191620162116221623162416251626162716281629163016311632163316341635163616371638163916401641164216431644164516461647164816491650165116521653165416551656165716581659166016611662166316641665166616671668166916701671167216731674167516761677167816791680168116821683168416851686168716881689169016911692169316941695
1696
1697
1698

1699

1700

17011702170317041705170617071708170917101711171217131714171517161717171817191720172117221723172417251726172717281729173017311732173317341735173617371738173917401741174217431744174517461747174817491750175117521753175417551756175717581759176017611762176317641765176617671768176917701771177217731774177517761777177817791780178117821783178417851786178717881789179017911792179317941795
1796
1797
1798

1799

1800

180118021803180418051806180718081809181018111812181318141815181618171818181918201821182218231824182518261827182818291830183118321833183418351836183718381839184018411842184318441845184618471848184918501851185218531854185518561857185818591860186118621863186418651866186718681869187018711872187318741875187618771878187918801881188218831884188518861887188818891890189118921893189418951896189718981899
1900

19011902190319041905190619071908190919101911191219131914191519161917191819191920192119221923192419251926192719281929193019311932193319341935193619371938193919401941194219431944194519461947194819491950195119521953195419551956195719581959196019611962196319641965196619671968196919701971197219731974197519761977197819791980198119821983198419851986198719881989199019911992199319941995
1996
1997
1998

1999

2000

CoDA-PCA

−83.1 67.4#comp1
−79.1

75.6

#
co

m
p

2

123
4567

891011121314151617181920212223242526272829303132333435363738394041424344454647484950515253545556575859606162636465666768697071727374757677787980818283848586878889909192939495969798
99

100

101102103104105106107108109110111112113114115116117118119120121122123124125126127128129130131132133134135136137138139140141142143144145146147148149150151152153154155156157158159160161162163164165166167168169170171172173174175176177178179180181182183184185186187188189190191192193194195196
197
198

199

200

201202203204205206207208209210211212213214215216217218219220221222223224225226227228229230231232233234235236237238239240241242243244245246247248249250251252253254255256257258259260261262263264265266267268269270271272273274275276277278279280281282283284285286287288289290291292293294295296297
298

299

300

301302303304305306307308309310311312313314315316317318319320321322323324325326327328329330331332333334335336337338339340341342343344345346347348349350351352353354355356357358359360361362363364365366367368369370371372373374375376377378379380381382383384385386387388389390391392393394395396397398
399

400

401402403404405406407408409410411412413414415416417418419420421422423424425426427428429430431432433434435436437438439440441442443444445446447448449450451452453454455456457458459460461462463464465466467468469470471472473474475476477478479480481482483484485486487488489490491492493494495496497498499
500

501502503504505506507508509510511512513514515516517518519520521522523524525526527528529530531532533534535536537538539540541542543544545546547548549550551552553554555556557558559560561562563564565566567568569570571572573574575576577578579580581582583584585586587588589590591592593594595596597
598
599

600

601602603604605606607608609610611612613614615616617618619620621622623624625626627628629630631632633634635636637638639640641642643644645646647648649650651652653654655656657658659660661662663664665666667668669670671672673674675676677678679680681682683684685686687688689690691692693694695696697
698

699

700

701702703704705706707708709710711712713714715716717718719720721722723724725726727728729730731732733734735736737738739740741742743744745746747748749750751752753754755756757758759760761762763764765766767768769770771772773774775776777778779780781782783784785786787788789790791792793794795796797798799
800

801802803804805806807808809810811812813814815816817818819820821822823824825826827828829830831832833834835836837838839840841842843844845846847848849850851852853854855856857858859860861862863864865866867868869870871872873874875876877878879880881882883884885886887888889890891892893894895896897898899
900

901902903904905906907908909910911912913914915916917918919920921922923924925926927928929930931932933934935936937938939940941942943944945946947948949950951952953954955956957958959960961962963964965966967968969970971972973974975976977978979980981982983984985986987988989990991992993994995996
997

998
999

1000

100110021003100410051006100710081009101010111012101310141015101610171018101910201021102210231024102510261027102810291030103110321033103410351036103710381039104010411042104310441045104610471048104910501051105210531054105510561057105810591060106110621063106410651066106710681069107010711072107310741075107610771078107910801081108210831084108510861087108810891090109110921093109410951096
1097
1098
1099

1100

11011102110311041105110611071108110911101111111211131114111511161117111811191120112111221123112411251126112711281129113011311132113311341135113611371138113911401141114211431144114511461147114811491150115111521153115411551156115711581159116011611162116311641165116611671168116911701171117211731174117511761177117811791180118111821183118411851186118711881189119011911192119311941195119611971198
1199

1200

1201120212031204120512061207120812091210121112121213121412151216121712181219122012211222122312241225122612271228122912301231123212331234123512361237123812391240124112421243124412451246124712481249125012511252125312541255125612571258125912601261126212631264126512661267126812691270127112721273127412751276127712781279128012811282128312841285128612871288128912901291129212931294129512961297129812991300
130113021303130413051306130713081309131013111312131313141315131613171318131913201321132213231324132513261327132813291330133113321333133413351336133713381339134013411342134313441345134613471348134913501351135213531354135513561357135813591360136113621363136413651366136713681369137013711372137313741375137613771378137913801381138213831384138513861387138813891390139113921393139413951396

1397
1398

1399

1400

1401140214031404140514061407140814091410141114121413141414151416141714181419142014211422142314241425142614271428142914301431143214331434143514361437143814391440144114421443144414451446144714481449145014511452145314541455145614571458145914601461146214631464146514661467146814691470147114721473147414751476147714781479148014811482148314841485148614871488148914901491149214931494149514961497
1498

1499

1500

1501150215031504150515061507150815091510151115121513151415151516151715181519152015211522152315241525152615271528152915301531153215331534153515361537153815391540154115421543154415451546154715481549155015511552155315541555155615571558155915601561156215631564156515661567156815691570157115721573157415751576157715781579158015811582158315841585158615871588158915901591159215931594159515961597
1598

1599

1600

160116021603160416051606160716081609161016111612161316141615161616171618161916201621162216231624162516261627162816291630163116321633163416351636163716381639164016411642164316441645164616471648164916501651165216531654165516561657165816591660166116621663166416651666166716681669167016711672167316741675167616771678167916801681168216831684168516861687168816891690169116921693169416951696
1697

1698

1699

1700

170117021703170417051706170717081709171017111712171317141715171617171718171917201721172217231724172517261727172817291730173117321733173417351736173717381739174017411742174317441745174617471748174917501751175217531754175517561757175817591760176117621763176417651766176717681769177017711772177317741775177617771778177917801781178217831784178517861787178817891790179117921793179417951796
1797
1798

1799

1800

180118021803180418051806180718081809181018111812181318141815181618171818181918201821182218231824182518261827182818291830183118321833183418351836183718381839184018411842184318441845184618471848184918501851185218531854185518561857185818591860186118621863186418651866186718681869187018711872187318741875187618771878187918801881188218831884188518861887188818891890189118921893189418951896
1897
1898
1899

1900

190119021903190419051906190719081909191019111912191319141915191619171918191919201921192219231924192519261927192819291930193119321933193419351936193719381939194019411942194319441945194619471948194919501951195219531954195519561957195819591960196119621963196419651966196719681969197019711972197319741975197619771978197919801981198219831984198519861987198819891990199119921993199419951996199719981999 2000

CoDA-AE

−66.3 62.5#comp1
−64.1

63.0

#
co

m
p

2

12345

6789101112131415161718192021222324252627282930313233343536373839404142434445464748495051525354555657585960616263646566676869707172737475767778798081828384858687888990919293949596979899100

101102
103104105106107108109110111112113114115116117118119120121122123124125126127128129130131132133134135136137138139140141142143144145146147148149150151152153154155156157158159160161162163164165166167168169170171172173174175176177178179180181182183184185186187188189190191192193194195196197198199200

201202203204205206207208209210211212213214215216217218219220221222223224225226227228229230231232233234235236237238239240241242243244245246247248249250251252253254255256257258259260261262263264265266267268269270271272273274275276277278279280281282283284285286287288289290291292293294295296297298299300

301302303304305
306307308309310311312313314315316317318319320321322323324325326327328329330331332333334335336337338339340341342343344345346347348349350351352353354355356357358359360361362363364365366367368369370371372373374375376377378379380381382383384385386387388389390391392393394395396397398399400

401402403404405

406407408409410411412413414415416417418419420421422423424425426427428429430431432433434435436437438439440441442443444445446447448449450451452453454455456457458459460461462463464465466467468469470471472473474475476477478479480481482483484485486487488489490491492493494495496497498499500

501
502503504505

506507508509510511512513514515516517518519520521522523524525526527528529530531532533534535536537538539540541542543544545546547548549550551552553554555556557558559560561562563564565566567568569570571572573574575576577578579580581582583584585586587588589590591592593594595596597598599600

601602603604605

606607608609610611612613614615616617618619620621622623624625626627628629630631632633634635636637638639640641642643644645646647648649650651652653654655656657658659660661662663664665666667668669670671672673674675676677678679680681682683684685686687688689690691692693694695696697698699700

701702703704

705706707708709710711712713714715716717718719720721722723724725726727728729730731732733734735736737738739740741742743744745746747748749750751752753754755756757758759760761762763764765766767768769770771772773774775776777778779780781782783784785786787788789790791792793794795796797798799800

801802803804805

806807808809810811812813814815816817818819820821822823824825826827828829830831832833834835836837838839840841842843844845846847848849850851852853854855856857858859860861862863864865866867868869870871872873874875876877878879880881882883884885886887888889890891892893894895896897898899900

901902

9039049059069079089099109119129139149159169179189199209219229239249259269279289299309319329339349359369379389399409419429439449459469479489499509519529539549559569579589599609619629639649659669679689699709719729739749759769779789799809819829839849859869879889899909919929939949959969979989991000

1001100210031004

100510061007100810091010101110121013101410151016101710181019102010211022102310241025102610271028102910301031103210331034103510361037103810391040104110421043104410451046104710481049105010511052105310541055105610571058105910601061106210631064106510661067106810691070107110721073107410751076107710781079108010811082108310841085108610871088108910901091109210931094109510961097109810991100

1101
110211031104

110511061107110811091110111111121113111411151116111711181119112011211122112311241125112611271128112911301131113211331134113511361137113811391140114111421143114411451146114711481149115011511152115311541155115611571158115911601161116211631164116511661167116811691170117111721173117411751176117711781179118011811182118311841185118611871188118911901191119211931194119511961197119811991200

12011202

12031204120512061207120812091210121112121213121412151216121712181219122012211222122312241225122612271228122912301231123212331234123512361237123812391240124112421243124412451246124712481249125012511252125312541255125612571258125912601261126212631264126512661267126812691270127112721273127412751276127712781279128012811282128312841285128612871288128912901291129212931294129512961297129812991300

1301130213031304

130513061307130813091310131113121313131413151316131713181319132013211322132313241325132613271328132913301331133213331334133513361337133813391340134113421343134413451346134713481349135013511352135313541355135613571358135913601361136213631364136513661367136813691370137113721373137413751376137713781379138013811382138313841385138613871388138913901391139213931394139513961397139813991400

14011402
14031404140514061407140814091410141114121413141414151416141714181419142014211422142314241425142614271428142914301431143214331434143514361437143814391440144114421443144414451446144714481449145014511452145314541455145614571458145914601461146214631464146514661467146814691470147114721473147414751476147714781479148014811482148314841485148614871488148914901491149214931494149514961497149814991500

150115021503

1504150515061507150815091510151115121513151415151516151715181519152015211522152315241525152615271528152915301531153215331534153515361537153815391540154115421543154415451546154715481549155015511552155315541555155615571558155915601561156215631564156515661567156815691570157115721573157415751576157715781579158015811582158315841585158615871588158915901591159215931594159515961597159815991600

1601160216031604

160516061607160816091610161116121613161416151616161716181619162016211622162316241625162616271628162916301631163216331634163516361637163816391640164116421643164416451646164716481649165016511652165316541655165616571658165916601661166216631664166516661667166816691670167116721673167416751676167716781679168016811682168316841685168616871688168916901691169216931694169516961697169816991700

17011702

17031704170517061707170817091710171117121713171417151716171717181719172017211722172317241725172617271728172917301731173217331734173517361737173817391740174117421743174417451746174717481749175017511752175317541755175617571758175917601761176217631764176517661767176817691770177117721773177417751776177717781779178017811782178317841785178617871788178917901791179217931794179517961797179817991800

18011802
18031804180518061807180818091810181118121813181418151816181718181819182018211822182318241825182618271828182918301831183218331834183518361837183818391840184118421843184418451846184718481849185018511852185318541855185618571858185918601861186218631864186518661867186818691870187118721873187418751876187718781879188018811882188318841885188618871888188918901891189218931894189518961897189818991900

19011902

19031904190519061907190819091910191119121913191419151916191719181919192019211922192319241925192619271928192919301931193219331934193519361937193819391940194119421943194419451946194719481949195019511952195319541955195619571958195919601961196219631964196519661967196819691970197119721973197419751976197719781979198019811982198319841985198619871988198919901991199219931994199519961997199819992000

t-SNE

Figure 1: 2D Visualization of the low dimensional representation A on the arms dataset.

of all bacteria observed. On the other hand, because high-throughput experiments produce large
amounts of data, multivariate analysis is indispensable [27, 21]. There is a stress to understand the
soundness of models [5].

In this paper, we propose to learn a low dimensional representation of CoDA from the original data.
To account for the nonlinearity due to the compositional nature of the data, we start from exponential
family PCA [12] that we augment with the compositional constraint and then simplify the loss to
be optimized via a generalization of a recent result [25] on Bregman divergences, which may be
of independent interest. We also propose a nonlinear autoencoder (AE) version to learn the low
dimensional representation.

Let us examine a toy example to illustrate our approach. We generate the arms dataset in S19 by
evenly interpolating the simplex center and each of the 20 vertices with 100 points, therefore yielding
a matrix X20×2000. Figure 1 shows the 2D representation A2×2000 computed by five methods: the
standard PCA; clr-PCA computes the standard PCA after performing clr; CoDA-PCA and CoDA-AE
are our proposed methods; t-SNE [32] is a popular nonlinear dimensionality reduction method and
is applied on X directly. In the PCA plot, the black segments indicate that the PCA reconstruction
is outside of the simplex. PCA cannot be directly adapted to CoDA because the projection on
the principal components may go beyond the convex hull of the vertices. It is clear that only
CoDA-PCA and CoDA-AE uncover the true structure, where all the arms are clearly presented, and
their connections are faithfully presented.

2 Compositional Data Analysis

We briefly review some definitions of CoDA. Compositional data are proportions: X is a compositional
dataset if and only if X ∈ <d×m such that ∀i ∈ [1, ...,m] the vector column xi of X is in the simplex
Sd =

{
x ∈ <d : ∀j, xj > 0;

∑d
j=1 xj = κ

}
, where κ > 0 is a constant, classically 1. Here

the superscript d does not denote the dimensionality as dim(Sd) = d− 1. For a dataset X′ which
contains counts of strictly positive values, we reduce it to a compositional dataset by dividing out the
totals, that is we compute the CoDA set X such that: xi = x′

i
1∑d

j=1 x
′
ji

is the vector of proportions

for individual i.

Using Bregman divergences makes explicit a dual affine [6] coordinate space which is in fact the log
coordinates of Aitchison [1]. It is in this space that we have affine constraints, which are therefore
non-linear in the "primal", ambient space. To manage this nonlinear structure, it has been proposed [4]
to first apply a log-ratio transformation to transpose the data into real Euclidean space. For instance,
the additive log-ratio transformation (alr) applies log-ratio between a component and a reference
component; the centered log-ratio transformation (clr) scales each subject vector by its geometric
mean; and the isometric log-ratio transformation (ilr) is associated with an orthogonal coordinate
system in the simplex. Afterwards, standard PCA is performed.

By definition, the clr transformation is

cKL(x) = log

(
x

g(x)

)
= Cclr log(x) = log(x)− log(x)1d, (1)

where g(x) = (
∏d
j=1 xj)

1/d the geometric mean of x, x = 1
d

∑d
j=1 xj is the arithmetic mean of x,

1d is the 1× d vector of all ones, and Cclr = Id− 1
d1d1

ᵀ
d . The purpose of the log-ratio transformation

2



(centered or not) is to go back to <d from Sd without losing information. Notice that log(xj),
log(x) ∈ (−∞, 0) so the compositional data is embedded in <d under the clr transformation. The
reverse operation: x = c−1

KL (x′) = exp(x′)
∏d
j=1 exp( 1

1−dx
′
j) embeds <d into Sd. See the table

below for a comparison of clr, alr and ilr, presented as different transformations C log(x). They are
equivalent up to linear transformations. Without loss of generality we focus on the clr.

clr alr ilr
Cclr
d×d = Id − 1

d1d1
ᵀ
d Calr

(d−1)×d = [Id−1,−1d−1] Cilr
(d−1)×d ∈

{
RCclr : RRᵀ = Id−1

}
However interpreting the resulting coordinates is still challenging [13, 24]: alr transformation is no
distance-preserving; clr leads to degenerate distributions and singular covariance matrices; ilr avoids
the precedent drawbacks, but still, results from complicated nonlinear transformations are difficult to
interpret. Currently, there seems to be no consensus about the best practices ([16] versus [31]) and, in
all cases, log-transforming is not a remedy for all the difficulties arisen by CoDA [20].

3 Exponential Family Principal Component Analysis

Another way to apply dimension reduction is to perform a generalized PCA on crude count data.
Based on the same ideas as the generalised linear model, [12] described a generalized PCA model for
distributions from the exponential family. We first recall the standard PCA setting.

3.1 Principal Component Analysis

For simplicity suppose that the data matrix X is already centered that can be easily achieved by
appending to A matrix a row of ones.

(Traditional PCA) We have a dataset X ∈ <d×m that we approximate as X ∼ VᵀA by minimizing
the following loss wrt the constraints A ∈ <`×m , V ∈ <`×d , VVᵀ = I`:

`PCA(X;A,V)
.
= ‖X− VᵀA‖2F . (2)

Hence, observations are column-wise. V : <d → <` is surjective with VᵀV defining a rank-`
projection, assuming in general ` < d. A is the representation of data points. The goodness of fit
of the representation is measured by the squared Frobenious norm. We summarise the different
transformations and loss functions in Table 1.

Observe that instead of finding a linear representation A and its corresponding linear loadings V,
we can consider nonlinear functions for encoding and decoding the latent representation. When the
nonlinear encoder and decoder are implemented as feed-forward neural networks, we arrive at the
autoencoder setting.

3.2 Bregman Divergence and ϕ-PCA

As mentioned in the introduction, compositional data do not live in Euclidean space. Count data are
naturally linked to the Poisson distribution, and therefore we should consider an exponential family
model for count data. From the Bayesian viewpoint, the PCA goal is to minimize a distance (L2 for
usual PCA) which is equivalent to a Bregman divergence minimization (or a Likelihood function
maximization).

Definition 1 (Bregman Divergence) Let ϕ : <d → < convex differentiable. The Bregman diver-
gence Dϕ with generator ϕ is

Dϕ(x ‖x′) .
= ϕ(x)− ϕ(x′)− (x− x′)ᵀ∇ϕ(x′). (3)

A Bregman divergence is just a truncation of the Taylor expansion of a function. It can therefore be
defined for any differentiable function, not just the convex ones. If ϕ is not convex, we call Dϕ a
Bregman distortion, which is a signed dissimilarity. We denote by ϕ?(x)

.
= supy{xᵀy − ϕ(y)} the

convex conjugate of the generator ϕ [9].
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Table 1: Summary of methods in this paper
Method Original Reconstruction Distortion Notes
PCA X VᵀA ‖ · − · ‖2F classical PCA(2)
ϕ-PCA X ∇∗ϕ(VᵀA) Dϕ(· ‖ ·) exponential family PCA (4)
clr-PCA cKL(X) VᵀA ‖ · − · ‖2F CoDA with clr (5)
gauged-ϕ-PCA ∇ϕ(X̌) VᵀA Dϕ?(· ‖ ·) General Bregman PCA (8)
CoDA PCA cKL(X) VᵀA Dexp(· ‖ ·) (11) is a special case of (8)
S-CODA-PCA x̌i ∇ǨL(exp(Vᵀai)) inner product upper bound (17)
CoDA AE X gθ ◦ hΦ(X) Dexp(· ‖ ·) neural networks gθ and hΦ

PCA has been generalized to the exponential families in a way that makes fitting occur in the natural
parameter space [12, 19] (and references therein). The optimization problem is non-convex. The
algorithmic strategy proposed by [12] is to use an alternating sequence of convex minimizations
under constraints. Alternatively, [19] proposed maximizing the deviance (as a generalized notion
of variance) and [10] proposed maximizing the likelihood function via a variational algorithm and
gradient descent.

We denote exponential family PCA as ϕ-PCA, where ϕ is the cumulant of the exponential family,
which is strictly convex differentiable with convex conjugate ϕ?, and uniquely determines the
exponential family under mild conditions [7]. Note that for ϕ-PCA, X is not neccessarily in a vector
space (e.g. X 6⊆ <d×m).

(ϕ-PCA) We have a dataset Xd×m that we approximate as X ∼ ∇ϕ?(VᵀA) with A ∈ <`×m,
V ∈ <`×d, VVᵀ = I`, through minimizing the Bregman loss

`ϕ-PCA(X;A,V)
.
=
∑
i

Dϕ(xi ‖∇ϕ?(Vᵀai)) = Dϕ(X ‖∇ϕ?(VᵀA)). (4)

Vectors are column-vectors: xi,ai are respectively column observation i in the ambient and principal
spaces, respectively. This formulation has a major advantage that linear algebra may be used to fit
A,V while X may not lie in a vector space, see for example [12, 19] and references therein. We
remark that because of the dual symmetry of Bregman divergences, we have Dϕ(X ‖∇ϕ?(VᵀA)) =
Dϕ?(VᵀA ‖∇ϕ(X)) [8]. Notice there exists a little "hole" in the ϕ-PCA definition, as X is not
necessarily easy to center when it is not in a vector space.

ϕ-PCA includes standard PCA as a special case as when ϕ(x) = 1
2‖x‖2F and the corresponding

Bregman divergence becomes Dϕ(x ‖x′) = 1
2‖x− x′‖2F .

4 Exponential family PCA on Compositional Data

CoDA has found a workaround for the centering problem, centered log-ratio coordinates. From [3,
Def. 4.6, Chap. 8] the associated loss is the standard PCA loss on clr transformed data:

`clr-PCA(X;A,V)
.
=

1

2
‖cKL(X)− VᵀA‖2F = Dϕ(cKL(X) ‖∇ϕ?(VᵀA)), (5)

where cKL(X) is the centered log-ratio transform defined in Equation (1) and ϕ(x) = 1
2‖x‖2F. Recall

from the previous section that we could deal with crude count data by using exponential family PCA.
However if we wish to perform PCA on the crude count data, while maintaining the clr transform, we
need an additional normalization term, which requires us to obtain a gauged version of the Bregman
divergence.

4.1 Scaled Bregman Theorem with Remainder

In this section we generalize the Scaled Bregman Theorem from [25, Theorem 1] to allow for a
remainder term. We use it in this paper to deal with the perspective transform required for CoDA,
but it may be of independent interest. Recall that ϕ is the generator of the Bregman distortion
(Definition 1). We additionally define a perspective (or gauge) function g to deal with the fact that we
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are considering data on the simplex. Whenever ϕ and g are differentiable, the following is immediate
from [25, Theorem 1].

Theorem 2 (Scaled Bregman Theorem with Remainder) For any ϕ : X→ < and g : X→ <∗
(<∗ = < \ {0}) that are both differentiable, denoting

x̌
.
=

x

g(x)
and ϕ̌(x)

.
= g(x) · ϕ

(
x

g(x)

)
, (6)

the following holds true:

g(x) ·Dϕ (x̌ ‖ y̌) = Dϕ̌ (x ‖y) +Rϕ,g(x ‖y) , ∀x,y ∈ X , (7)

where Rϕ,g(x ‖y)
.
= ϕ? (∇ϕ(y̌)) ·Dg(x ‖y) is called the remainder.

We can abstract Theorem 2 by saying that for any ϕ, g differentiable, we have

perspective-Bregman(ϕ, g) = Bregman(perspective(ϕ)) + conformal-Bregman(g, ϕ),

where “perspective(ϕ)” is ϕ̌ in (6), and conformal divergences are defined and analyzed in [26].
General classes of perspective transforms of convex functions are introduced in [22, 23]. The notion
of perspective transform of a Bregman divergence was introduced in [25]. In [25, Theorem 1],
conditions are assumed that make Rϕ,g(x ‖y) = 0, resulting in the scaled Bregman theorem. Notice
that Dϕ is a Bregman distortion but not necessarily a Bregman divergence if ϕ is not convex. For
reasons explained in [25], we call g a gauge. In the following we assume that ϕ is separable, so that
we can use both notations∇ϕ and ϕ′ to denote the gradient and derivatives involving ϕ.

By Theorem 2, as long as g(x) is homogeneous of degree one, Dϕ (x̌ ‖ y̌) and
1

g(x) [Dϕ̌ (x ‖y) +Rϕ,g(x ‖y)] are both invariant to re-scaling of x and y and can therefore be
used to deal with compositional data. A general formulation of g satisfying this condition can be
g(x) =

∏d
j=1 x

wj

j , where ∀j, wj ≥ 0 and
∑d
j=1 wj = 1. In this paper, we focus on the special

case ∀j, wj = 1
d so that Dϕ (x̌ ‖ y̌) can be expressed in terms of the widely used clr transformation.

Setting w to be a one-hot vector (1, 0, · · · , 0) can express Dϕ (x̌ ‖ y̌) with the alr. This latter case
will be omitted here.

4.2 Exponential Family CoDA

We are now in a position to derive the exponential family version of the loss in (5). Let X̌ denote the
matrix of the column vectors x̌i. It turns out that in the same way as (2) is an approximation of (4),
the loss in (5) is an approximation of the gauged loss:

`gauged-ϕ-PCA(X;A,V)
.
= Dϕ?(VᵀA ‖∇ϕ(X̌)) = Dϕ(X̌ ‖∇ϕ?(VᵀA)). (8)

Note that the above expression is in terms of the normalised matrix X̌. To unpack it in terms of
the original data X, we apply Theorem 2. In the CoDA case, ϕ?(z) .

= exp z, the convex dual of
ϕ(z)

.
= z log z − z. Indeed, after remarking that∇ϕ(X̌) = cKL(X), it follows

`gauged-KL-PCA(X;A,V) = Dexp(VᵀA ‖ cKL(X)) = DKL

(
X̌ ‖ exp(VᵀA)

)
= 1ᵀ exp(VᵀA)1− trace

(
X̌ᵀVᵀA

)
+ constant. (9)

In other words, the CoDA PCA is in fact fitting natural parameters from centered log-ratios being
natural coordinates as well. From (9) we observe that both of them live in the same space. Therefore
VᵀA is centered in the same way as cKL(X), and so

V1d ∈ ker(Aᵀ) ⇔ AᵀV1 = 0m . (10)

Remark that a centering assumption is also explicit in [3, Chapter 8, Eq. 8.1].

Hence, we can define the CoDA PCA problem as follows.
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(CoDA PCA) We have a dataset X ∈ (Sd)m that we approximate as cKL(X) ∼ VᵀA by minimizing
the following loss wrt the constraints A ∈ <`×m , V ∈ <`×d , VVᵀ = I` , A

ᵀV1 = 0:

`CoDA-PCA(X;A,V) = Dexp(VᵀA ‖ cKL(X)). (11)

Regarding cKL(x), x̌ and x as different coordinate systems of Sd, we use the Fisher information
metric (FIM) [6], whose formulation is well studied on the x coordinates, to define the corresponding
pullback metric G under the cKL(x) and x̌ coordinates, meaning that these metrics correspond to the
same underlying geometry of Sd. We have the following proposition (proof omitted; see [30] for
similar derivations).

Proposition 3 The FIM that uniquely defines the geometry of c ∈
{
cKL(x) : x ∈ Sd

}
is given by

Gij(c) = δij
exp(ci)∑d
i=1 exp(ci)

− exp(ci+cj)

(
∑d

i=1 exp(ci))
2 ; the FIM under the coordinates x̌ is given by Gij(x̌) =

δij
1

x̌i
∑d

i=1 x̌i
− 1

(
∑d

i=1 x̌i)2
, where δij = 1 if i = j otherwise δij = 0.

Intuitively, the metric G measures the local distance dx̌ᵀG(x̌)dx̌ᵀ of a tiny shift dx̌. It is not
everywhere identity as in a Euclidean space. Therefore the distance should not be measured by the
Frobenious norm as in (5). In contrast, our loss `CoDA-PCA(X;A,V) is based on the KL divergence
which locally agrees with the FIM [6].

4.3 Relating CoDA PCA to ϕ-PCA

We now define and analyze a generalized perspective transform of the generator of KL divergence:
let ǨL(x)

.
= g(x) ·∑d

j=1 ϕ(xj/g(x)) where ϕ(z)
.
= z log(z)− z and g(x)

.
= (
∏
j xj)

1/d.

Lemma 4 (Properties of ǨL) ǨL satisfies the following properties:

(1) ǨL is convex;

(2) the general term of the Hessian H of ǨL is

Hij
.
= Hij(ǨL(x)) =

1

dxj
·
{

−uji if j 6= i∑
k 6=j ukj otherwise , (12)

where uab
.
= 1 + xa/xb. Furthermore,

zᵀHz =
1

2d

∑
ij

(xi + xj) ·
(
zi
xi
− zj
xj

)2

,∀z ∈ <d. (13)

Hence, zᵀHz ≥ 0,∀x ∈ <d++,∀z ∈ <d and zᵀHz = 0 only when z ∝ x;

(3) function ǨL ◦ exp is 1-homogeneous on span({1})⊥.

(Proof in SM, Section D) A consequence of Theorem 2 is the following Corollary.

Corollary 5 For any A, V such that AᵀV1 = 0, we have

`CoDA-PCA(X;A,V) ≤ ˜̀ .
=
∑
i

1

g(xi)
·DǨL(xi‖ exp(Vᵀai)). (14)

Hence, the CoDA PCA loss is upperbounded by a weighted generalized ϕ-PCA loss. Furthermore,

DǨL(xi‖ exp(Vᵀai)) = ǨL(xi)− xᵀ
i∇ǨL(exp(Vᵀai)) (15)

Proof Since g is concave (Example 1 in Supplement), Dg(x‖y) = −D−g(x‖y) ≤ 0, and (14)
follows from Theorem 7 and the fact that ri ≥ 0,∀i, which shows (14). (15) is a consequence of the
analytical construct of Bregman divergences (Definition 1) and point (3) in Lemma 4 and the fact that
Vᵀai ∈ span({1})⊥ by assumption.
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Remark In [3, Chapter 8], CoDA PCA is presented as a (centered) regular PCA over data that been
subject to two transforms via the centered log-ratio coordinates. What Corollary 5 shows is that
we can solve the problem via a surrogate formulation using non transformed data but minimizing
a loss which is that of a ϕ-PCA transformed twice: first taking a perspective transform of the KL
generator (ǨL) and then having a weighted Bregman divergence minimization (g−1(.)). We remark
that weights can also be folded in the arguments as we have:

˜̀ =
∑
i

KL(x̌i)− x̌ᵀ
i∇ǨL(exp(Vᵀai)) . (16)

Furthermore, the leftmost argument in (16) plays no role in its minimization, and therefore we get the
Surrogate CoDA PCA (S-CODA-PCA) by replacing (11) with a simple inner product:

`S-CODA-PCA(X;A,V)
.
= −

∑
i

x̌ᵀ
i∇ǨL(exp(Vᵀai)) . (17)

5 Implementations

Both the CODA-PCA in (11) and the S-CODA-PCA in (17) can be equivalently written as the
following unconstrained problems

(CODA-PCA) argmin
B,U

[
1ᵀ
d exp(Y)1m − trace

(
X̌ᵀY

)]
, (18)

(S-CODA-PCA) argmin
B,U

trace

[
X̌ᵀ

(
exp(−Y) ◦ 1d1

ᵀ
d

d
exp(Y)− Y

)]
, (19)

where “◦” means element-wise product, exp(·) is element-wise exponential, and Y = CUᵀB with
C ∈ <d×d, U ∈ <`×d, B ∈ <`×m. C is a constant centering matrix satisfying rank(C) = d − 1,
Cᵀ1 = 0, so that Y’s columns are automatically centered and Yᵀ1 = BᵀUCᵀ1 = 0. Any C
satisfying this condition corresponds to a valid re-parametrization of the feasible space, for example
C = Id − 1

d1d1
ᵀ
d or C = Id − I]d (I]d circularly raises the diagonal entries of Id by 1 row). U’s rows

form a nonorthogonal basis of <d. B’s columns are the sample coordinates in such a basis. After
optimization, we take the QR decomposition C(U?)ᵀ = (V?)ᵀT?, where V?’s rows are orthonormal.
Therefore C(U?)ᵀB? = (V?)ᵀT?B? and A? = T?B? is the corresponding coordinates. An optimal
solution of the original constrained PCA problem is given by (V?,A?).

Although the losses in (18) and (19) are non-convex, they are both bi-convex. Fixing U, the loss
is a strictly convex function of B that is decomposed into a sum of per-sample convex functions
of bi; fixing B, it is a strictly convex function of U. These convex functions have the general
form f(ξ) =

∑
i exp(αᵀ

i ξ + βi) + ζᵀξ. Its gradient and Hessian are both in simple closed form:
5f =

∑
i exp(αᵀ

i ξ+βi)αi+ζ;52f =
∑
i exp(2αᵀ

i ξ+2βi)αiα
ᵀ
i . One can apply an off-the-shelf

convex optimizer, which in the simplest case can be the Newton method, to alternately minimize B
and U until convergence. Our implementation simply uses L-BFGS [9] based on the gradient of the
loss. In summary, we have the following result.

Proposition 6 The CODA-PCA and the S-CODA-PCA are both equivalent to an unconstrained
bi-convex optimization problem.

As an alternative implementation, we assume a parametric mapping bi = gΘ(xi) that is the `-
dimensional output of a feed-forward neural network with input cKL(xi) and xi (or x̌i) and connection
weights Θ. Then we minimize the cost function in (18) with respect to U and Θ. If gΘ is flexible
enough, then the minimization recovers the CODA-PCA projection. This approach could be favored
as À it learns an out-of-sample mapping gΘ(·) with a compact parametric structure that does not
scale with the sample size m; and Á it can be adapted to an online learning scenario. However, it
requires tuning of the neural network architecture and the optimizer. In our experiments, the encoding
map is modeled by a feed-forward neural network with two hidden layers of ELU [11] units, each of
size 100. To distinguish between the two implementations, the method to directly optimize U and B
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Figure 2: Testing errors (y-axis) against the number of principal components (x-axis) based on three
different distance measures (from left to right) on the Atlas data (first row) and the diet swap data
(second row). The numbers along the clr-PCA curves show the percentage of improvement (green)
or disimprovement (red), comparing CoDA-PCA against clr-PCA.

without assuming the neural network mapping is called non-parametric CODA-PCA, and the latter
parametric version is simply called CODA-PCA.

The above implementation resembles an auto-encoder structure: xi
Θ−→ bi

U−→ yi, where the decoder is
simply a linear mapping yi = CUᵀbi. In the general case, we apply a non-linear decoder bi

Φ−→ yi in
the form yi = ChΦ(bi), where hΦ(·) is a neural network with parameters Φ and d output dimensions.
At the same time, we add a small random noise to the encoder input so as to avoid overfitting.
In this way we obtain a denoising CODA-AUTOENCODER. In contrast to the CODA-PCA, the
CODA-AUTOENCODER can only be trained by gradient-based optimizers.

In practice, the input matrix X may contain zeros that lie on the boundary of Sd. In this case
cKL(x) and x̌ are undefined. A simple way to tackle the zero entries is to replace them with a small
positive number ε > 0. Alternatively, one can redefine the gauge as g(x) =

∏
j:xj>0(xj)

1/ρ, where
ρ = |{j : xj > 0}| so that g(x) is always positive and x̌ is well defined on Sd ∪ ∂Sd.

6 Experiments

We compare the following methods: clr-PCA means PCA applied on the centered log-ratio coordi-
nates; CoDA-PCA is the proposed CODA-PCA in (11); SCoDA-PCA is the proposed S-CODA-PCA in
(17); clr-AE is an autoencoder with L2 loss applied on the clr transformation; CoDA-AE is the
proposed CODA-AUTOENCODER in subsection 5. Both clr-AE and CoDA-AE use exactly the same
structure with one hidden layer of 100 ELU [11] units in their decoders.

The baselines are assessed based on an array of measures including (L2-clr) theL2-distance ‖cKL(x)−
cKL(x

′)‖F between the input data x ∈ Sd and the reconstruction x′ ∈ Sd in the clr space; (JSD)
the Jensen-Shannon divergence 1

2 KL(x : x+x′

2 ) + 1
2 KL(x′ : x+x′

2 ); (TV) the total variation distance
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1
2

∑d
i=1 |xi − x′i|. These measurements are all invariant to scaling or permutation of x and x′. See

the supplementary material for more baselines and performance indicators.

We consider the following datasets available in the microbiome R package [18], each of which is
randomly split into a training set (90%) and a testing set (10%). The HITChip Atlas dataset [17]
contains 130 genus-level taxonomic groups that cover the majority of the known bacterial diversity
of the human intestine. The data come from 1006 western adults from 15 western countries (Europe
and the United States). Sample sets were analysed with three different DNA extraction methods. The
two-week diet swap study between western (USA) and traditional (rural Africa) diets was reported in
[28]. In this study, a two-week food exchange was performed in subjects from the same populations,
where African Americans were fed a high-fibre, low-fat African-style diet and rural Africans a
high-fat, low-fibre western-style diet. The group diet was indicated by HE (home environment days),
DI (dietary intervention days) and ED (initial and final endoscopy days). Each subject served as
his/her own control, given the known wide individual variation in colonic microbiota composition.

Fig. 2 shows the typical testing results. We observe that on most performance indicators CoDA-PCA
and CoDA-AE show a much smaller testing error as compared to clr-PCA and clr-AE, respectively.
The only exception is on L2-clr, where clr-PCA and clr-AE appear to be favored against our CoDA
variants. This is because L2-clr is exactly the cost function of those two methods. We found that
CoDA-AE is more robust against overfitting as compared to clr-AE. The performance of SCoDA-PCA
is close to CoDA-PCA on most of the indicators and is better than CoDA-PCA on L2-clr.

The source codes to reproduce our experimental results are available online2.

7 Conclusion

We propose an approach for learning a low dimensional representation directly on raw count data,
which is compositional in nature. Our proposed algorithm generalizes PCA in two ways, first by going
to the exponential family via the Bregman divergence, and second by converting the normalization of
data to a change in the Bregman divergence. The key theorem used for transforming the Bregman
divergence generalizes a recent result, and may be of independent interest.
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A Convexity of divergence

Theorem 7 For any A, V such that AᵀV1 = 0, letting Dexp the Bregman divergence with generator
ϕ?(z)

.
= exp z and KL the generator for KL divergence,

Dexp(Vᵀai‖cKL(xi)) = qi ·DǨL(xi‖ exp(Vᵀai)) + ri ·Dg(xi‖ exp(Vᵀai)),∀i = 1, 2, ...,m ,(20)

with qi
.
= 1/g(xi) and ri

.
= qi ·

∑
j exp (aᵀ

i vj), satisfying ri ≥ dqi.

(Proof in SM, Section B)

We can remark that
1

g(xi)
·
∑
j

exp (aᵀ
i vj) =

∑
j

exp (aᵀ
i vj − xij) x̌ij . (21)

To generalize the notion of geometric average, consider any strictly convex function ϕ : R→ R at
least three times differentiable and with invertible derivative. Define the ϕ-mean of x as

µϕ(x)
.
= ϕ′−1 (Eiϕ

′(xi)) . (22)

We now state a Lemma which will be essentially used for a particular case of ϕ but may be of
independent interest for more general cases, as explained in the following examples.

Lemma 8 Let ϕ convex and at least three times differentiable. Let

φ(x)
.
= − ϕ′′′(x)

(ϕ′′(x))2
. (23)

Then the ϕ′-mean µϕ is convex (resp. concave) iff

φ(µϕ(x)) ≥ (resp. ≤) m ·min
i
φ(xi) ,∀x . (24)

(Proof in SM, Section C)

Example 1 Take for example F ′(x)
.
= lnx (geometric average). In this case, φ(x) = +1 and ineq.

(24) brings 1 ≤ m for the concavity of the mean and shows that g is concave.

Example 2 Consider F ′(x) = −1/x (harmonic average, over R+). In this case, φ(x) = +x, so to
prove the concavity of the mean, we need to show µF (x) ≤ mmini xi, which is equivalent to show∑

i

1

xi
≥ max

i

1

xi
, (25)

and shows the concavity of the mean.

Example 3 Consider F ′ = exp (normalized softmax). In this case, φ(x) = − exp(−x), which
shows that the mean cannot be concave. To show its convexity, we need to show equivalently

1∑
i expxi

≤ exp(−max
i
xi) , (26)

which is equivalent to
∑
i exp(xi −maxj xj) ≥ 1, and because of the non-negativity of the exponen-

tial, shows the convexity of the mean.

B Proof of Theorem 7

First, letting yi
.
= exp(Vᵀai) for any i = 1, 2, ...,m, and vj the j-th row of V (as a column vector),

we get

ϕ? (∇ϕ(y̌i)) =
∑
j

exp (log (exp (aᵀ
i vj))) =

∑
j

exp (aᵀ
i vj) . (27)

12



We recall g(x) = (
∏
k xk)1/d, the geometric mean. So,

g(exp(Vᵀai)) = exp

1

d

∑
j

aᵀ
i vj

 = exp((AᵀV1)i) = exp(0) = 1, (28)

because of the constraint AᵀV1 = 0m. Hence, letting yi
.
= exp(Vᵀai) for short, we obtain y̌i = yi.

Also, the dual symmetry of Bregman divergences [8] yields:

Dexp(Vᵀai‖cKL(xi)) = DKL(x̌i‖ exp(Vᵀai)) . (29)

We now use Theorem 2. It comes (letting again yi
.
= exp(Vᵀai) for short) that for any i = 1, 2, ...,m,

g(xi) ·Dexp(Vᵀai‖cKL(xi))

= g(xi) ·DKL(x̌i‖ exp(Vᵀai))

= DǨL

(
xi
∥∥ exp(Vᵀai)

)
+ ϕ? (∇ϕ(y̌i))Dg(xi‖yi)

= DǨL

(
xi
∥∥ exp(Vᵀai)

)
+

∑
j

exp (aᵀ
i vj)

 ·Dg(xi‖ exp(Vᵀai)) , (30)

which brings the statement of the Theorem. The fact that ri ≥ dqi follows from the convexity of exp.

C Proof of Lemma 8

Let µϕ(x)
.
= ϕ′−1((1/m) ·∑i ϕ

′(xi)) the ϕ′-mean of the coordinates of x. Then

∂

∂xi
µϕ(x) =

1

m
· ϕ′′(xi)
ϕ′′(µϕ(x))

, (31)

∂2

∂xi∂xj
µϕ(x) =

1

mϕ′′(µϕ(x))
·
(
δij · ϕ′′′(xi)−

ϕ′′′(µϕ(x))

m(ϕ′′(µϕ(x)))2
· ϕ′′(xi)ϕ′′(xj)

)
(32)

x being fixed, let ỹ the vector defined by ỹi
.
= yi · ϕ′′(xi) and let

φ(x)
.
= − ϕ′′′(x)

(ϕ′′(x))2
. (33)

Let Φ the diagonal matrix with Φii
.
= φ(xi). The Hessian Hµϕ(x) satisfies

yᵀHµϕ(x)y =
1

mϕ′′(µϕ(x))
·
(
φ(µϕ(x))

m
· ỹᵀỹ − ỹᵀΦỹ

)
=

1

mϕ′′(µϕ(x))
· ỹᵀDiag

(
φ(µϕ(x))

m
· 1− φ(x)

)
ỹ (34)

We see that when ϕ′′ is not zero everywhere, ỹ spans the same set as y, so if ϕ is convex, µϕ is
convex iff (φ(µϕ(x))/m) · 1− φ(x) ≥ 0, that is

φ(µϕ(x)) ≥ m · φ(xi) ,∀i , (35)

which is equivalent to the Lemma’s statement.
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D Proof of Lemma 4

We have

ǨL(x) =

(∑
i

xi log xi − xi
)
− 1

d
·
∑
ij

xi log xj , (36)

∂

∂xi
ǨL(x) = log xi −

1

d
·
∑
j

log xj −
1

dxi
·
∑
j

xj (37)

= −1

d
·

∑
j

xj
xi

+ log
xj
xi

 , (38)

∂2

∂xi∂xj
ǨL(x) = −1

d
·
(

1

xi
+

1

xj

)
,∀j 6= i, (39)

∂2

∂x2
i

ǨL(x) =
1

xi
·

1− 1

d
+

1

d
·
∑
j 6=i

xj
xi

 . (40)

We then check that

(Hz)i =
zi
xi

+
1

d
·
∑
j

(
zixj
x2
i

− zj
xj
− zj
xi

)
(41)

and finally

zᵀHz =
∑
i

z2
i

xi
+

1

d

∑
ij

(
z2
i xj
x2
i

− zizj
xj
− zizj

xi

)

=
1

d

∑
ij

(
z2
i xi
x2
i

+
z2
i xj
x2
i

− zizj
xj
− zizj

xi

)

=
1

d

∑
ij

(
z2
i xix

2
j + z2

i x
3
j − zizjx2

ixj − zizjxix2
j

x2
ix

2
j

)

=
1

2d

∑
ij

(
z2
i xix

2
j + z2

i x
3
j + z2

jx
2
ixj + z2

jx
3
i − 2zizjx

2
ixj − 2zizjxix

2
j

x2
ix

2
j

)

=
1

2d

∑
ij

(
z2
i x

2
j (xi + xj) + z2

jx
2
i (xi + xj)− 2zizjxixj(xi + xj)

x2
ix

2
j

)

=
1

2d

∑
ij

(xi + xj) ·
(
zi
xi
− zj
xj

)2

, (42)

as claimed. This also shows the convexity of ǨL(x).

We now show that ǨL◦exp is 1-homogeneous on the subspace span({1})⊥, which means, by Euler’s
Theorem,

ǨL(exp(x)) = exp(x)ᵀ∇ǨL(exp(x)),∀x ∈ span({1})⊥. (43)
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To see this, we write

ǨL(exp(x))− exp(x)ᵀ∇ǨL(exp(x))

=
∑
j

xj exp(xj)− exp(xj)

+
1

d
·
∑
j

(
exp(xj) ·

∑
k

(exp(xk − xj) + (xk − xj))
)

=
∑
j

xj exp(xj)−
∑
j

exp(xj) +
∑
k

exp(xk)︸ ︷︷ ︸
=0

+
1

d
·
∑
j

exp(xj)
∑
k

xk︸ ︷︷ ︸
=0

−
∑
j

exp(xj)xj

=
∑
j

xj exp(xj)−
∑
j

exp(xj)xj

= 0, (44)

where we have used the fact that 1ᵀx = 0.

E Derivations of the unconstrained optimization in (18) and (19)

Consider that X is constant, therefore

`CoDA-PCA(X;A,V) =Dexp(VᵀA ‖ cKL(X))

= 1ᵀ

[
exp(VᵀA)− exp(cKL(X))− (VᵀA− cKL(X)) ◦ exp(cKL(X))

]
1

= 1ᵀ

[
exp(VᵀA)− VᵀA ◦ exp(cKL(X))

]
1 + constant

= 1ᵀ

[
exp(VᵀA)− VᵀA ◦ X̌

]
1 + constant.

Let Y = VᵀA, and we get (18).

By (38), if yi is centered and yᵀ
i 1 = 0, we have

5ǨL(exp(yi)) = −1

d
· [exp(1yᵀ

i − yi1ᵀ) + 1yᵀ
i − yi1ᵀ]1

= −1

d
exp(1yᵀ

i − yi1ᵀ)1 + yi.

Therefore

`S-CODA-PCA(X;A,V) =
∑
i

[
x̌ᵀ
i

1

d
exp(1yᵀ

i − yi1ᵀ)1− x̌ᵀ
i yi

]
=
∑
i

x̌ᵀ
i

[
exp(−yi) exp(yᵀ

i )
1

d
− yi

]
,

which, in matrix form, is (19).

F More Experimental Results

We include another baseline CoDA-PCA∗ that is the non-parametric version of CoDA-PCA optimized
by L-BFGS. Note that CoDA-PCA∗ does not learn an encoding map and therefore cannot provide an
out-of-sample extension.
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The baselines are further assessed based on (symmetric perspective KL divergence; SPKL)
normalizing the geometric average of the input data p and the PCA reconstruction q and get
respectively two positive measures p̌ and q̌, then computing the symmetric KL divergence
1
2

∑
i

(
p̌i log p̌i

q̌i
+ q̌i log q̌i

p̌i

)
; (L2) L2-distance of p̄ and q̄ after the normalizing p and q into the

probability simplex. (Riemannian) the Riemannian distance between the two probabilities p̄ and q̄
defined by the Fisher information metric, given by 2 arccos

(√
p̄
ᵀ√

q̄
)
.

Fig. 3 shows the training and testing errors. A key observation is that CoDA-PCA∗ is slightly better
than CoDA-PCA because the embedding points are free parameters and are not constrained by a neural
network. We also see that clr-AE shows small training errors but does not generalize as well as
CoDA-AE on the testing set.
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Figure 3: Training and testing errors measured by different distances against the number of principal
components. The columns, from left to right, show training errors (Atlas), corresponding testing
errors, training errors (diet swap) and corresponding test errors.
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